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Upright Sailing Craft Performance and
Optimum Speed to Windward

H. C. Curtiss Jr.*
Princeton University, Princeton, N. J.

A convenient geometric solution to the wind triangle relationships for a sailing ceuft is developed which is
directly related to the aeredynamic and hydrodynamic characteristics of the eraft, Maximizing the specd made
good to windward is examined, and a relationship between the aerodynamics and hydrodynamics of the crafi
which bounds the windward performance and is a necessary condition for maximum speed to windward is
developed. A brief discossion of windward performance tradeoffs is included based on this result,

Nomenclature
AR = aspect ratio
C;,  =dragcoefficient, Cp =D/ {120V 8)
Cpn, =nprofile drag coefficient. For the hull since the

coefficients are based on centerboard area,
Cpp=[+{5./8:)]1Cp,

Cp,  =drag coefficient based on wetted area

C, =lilt coelficient, C, =L/ {2pV?S)

C =ratio of lift coefficient to Tt coelficient at
maximum lift/drag ratio

Ck = resultant force cocfficient, Cy =R/ (V2p V2 S)

0 =drag, force parailet to velocity acting on component,
Ib

K =tactor relating induced drag to square of lifl
coefficient

L =lift, force perpendicular to velocity acting on
component, lb

P =performance parameter, see Eq. (8), P=[{p.54
K Crp) F (p45,Cp )] *

Py =optimum value of £ corresponding 10 maximum
lift/drag ratios of sail and hull

Py =value of performance parameter evaluated at
maximum lift/drag ratios of sail and hull

R =resultani force, R={L*+ D ", 1b

S, —sail area, ft?

S.. =wetted surface area of hull not including cen-
terboard or keel - ft?

S =centerboard area, ft°

(E =dimensionless boat velocity, boat velocity divided by
true wingd velocity

Ly =dimensionless relative wind velocity, relative wind
velocity divided by true wind velocity

v, =component of dimensionless boat velogity per-
pendicular to true wind, v, = vy siny, -

i, =component of dimensionless boat velocity parallel
totrue wind, v, = v, cosyr

Vo = boat velocity, fps

Fye;  =velocity made good to windward, component of

boat velocity in direction of true wind
(V= VFycosyr), fps

Va —=relative wind velocity, fps

% =true wind velocity, ps

o =angilec of attack of sail

Yr =angle between relative wind velocily and  boat
velocity
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¥r = angle between true wind velocity and boat velocity

3 =angle between resultant force veclor of component
and perpendicular to velocity acting on component,
e=tan "' (D/L)

ey =profile drag/Lift ratio at maximum lift/drag ratio
A =leeway angle, angle between centerline of boat and
boat velocity {equal to keel angle of attack)

Pa = density of air, slugs per ft?

. = density of water, slugs per ft’

( ),y =value of parameter for all components immersed in
: water {for convenience, referred to as hull)

{ )y =valucof parameter at maximum lift/drag ratio

{ g =value of parameler for maximum speed to windward

() =value of parameter for all components immersed in

air {for convienience, referred to as sail)

Introduction

ETERMINING the best performance of a sailing crafl (o

windward involves understanding complex interactions
between the acrodynamics and hydrodynamics of the craft, It
was thought 1o be valuable to cxamine a simplified analytical
mode! rather than proceeding directly to consider the com-
plete problem. Therefore, this paper discusses maximizing the
speed of a sailing craft to windward assuming that the heel
angle is zero and that the hull forces depend upon the square
of the hull velocity. The first assumption is quite typical of the
way 1n which small boats are sailed. The second assumption,
which implies that the Froude number or speed-length ratio
effects are neglected, restricts the analysis to sailing in light
winds or to hulls of very high fineness ratio.

Geometry of the Wind Triangle

In order to examine the manner in whichh various
aerodynamic and hydrodynamic factors influence the per-
formance of a sailing craft it is first desirable 10 oblain certain
geometrical relationships involved in the wind triangle, Wind
triangle refers to the relationships among the various
guantities: the true wind velocity 1, ; the boat speed V', the
rclative wind velocity Vg the angle between the true wind
direction and the dircction the boat is moving v ,; and the
angle between the relative wind direction and the direction the
boat is moving y. Figure 1 shows the geometry relating these
quantities. The leeway angle A also is shown, emphasizing (he
fact that, in general, the craft is moving through the walter al
some inclination Lo the centerline of the hull.

Instruments mounted on the cralt can measure directly the
boat speed g the relative wind speed Vg and the angle
between the direction of the relative wind and the centerline of
the boat (- — A). Sailing to windward in a race, the helmsman
attempts to maximize the speed made good to windward V,,,;,
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Fig. 1  Wind triangle geomeiry.

also shown in Fig. 1. Note that the presence of the leeway
angle, which is determined by the aerodynamic and
hydrodynamic characteristics of the craft, complicates the
prablem of determining the actua!l speed made good to
windward from the instrumentation usually found on sailing
craft because the angle berween the dircction ol the relalive
wind and the direction the crafl is moving ye, cannot be
measured directly without knowledge of the leeway angle. A
wind vane mounted on the craft measures (v, — A). Although
in principle it is possible to measure the leeway angle with
gimilar instrumentation underwater, many praclical dif-
ficulties are associated with the measurement of this quantity.
The law of cosines can be applied to the geometry of Fig. 1
to obtain relationships between relative and true quantities
sinyr  sinyg  sin{yy—vyg) "
Vi Ve Vi

These relationships can be reorganized so that the wind
triangle geometry can be displayed conveniently.

The relative wind velogity Vy and boat velocity V, are
nendimensionalized by the true wind velocity V. Introducing
the operating condition of the boat with respect to the true
wind expressed in terms of the components perpendicular and
parallel to the true wind, v,=vg sinyy and v, =vg COsyr,
two equations cquivalent to Eqg. (1) can be developed

1
o 2
4 tanty, @

( +!J’+( L i !
v+ -3 v, — =
T2 Y Ztanyy 4

vl (v, +

Mplta ) ! 3)

ETWEREE =(1'_(UR/L’HJ)

Equations (2) and (3) can be recognized as cquations of circles
and the operating condition of the boat is expressed directly in
terms of the parameters, the relative wind angle v, and the
ratio of relative wind velocity to boat velocity Vig/ V.
Equations (2) and (3) are shown graphically in Figs. 2 and 3.
The coordinates of these two figures also can be interpreted in
polar form, that is, the true wind direction is along the y axis
and a radius vector to any point on a particular circle is the
ratio of the boat speed to the true wind specd. The angle
between the vertical axis and this radius vector is (he heading
of the craft with respect to the true wind direction,

[f the quantitics V', Vg, and 5 are known, then these two
curves can be readily used to calculate the true wind velocity,
and the angle between direction of the true wind and the
dircetion the boat is moving. That is, knowing the relative
wind angle v, the operating condition of the ¢raft must be on
a parucular circle of Fig. 2, and knowing the ratio of the
relative wind speed 1o the boal speed Vi / Vy the operating
condition of the cralt must be on a particular circle of Fig. 3.
Overlaying these two curves, the intersection of the two circles
is the operaling condition of the craft, Again, recall that in a
practical sense, difticulty in determination of the specd made
good to windward arises hecause yp cannot be measured
directly without knowing the lccway angle.

SAILING CRAFT PERFORMANCE TO WINDWARD 43

TRUE WIND _
MHRECTION

woe 1707
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Fig. 3 Wind triangle geomeiny: lines of constant relative windspeed
to oal speed.

Balance of Forces

The performance of a sailing crall now will be examined in
rclaton to the wind iriangle geometry discussed. For sim-
plicity, only the case of upright sailing is considered. This
analysis therefore is restricted to small boats in which the crew
is always acting to maintain the c¢raft at zero heel angle or
perhaps to larger hoats in light winds. Therefore, only
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‘Fig. 4 Fquilibrium
of sail and hull forces.
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tig.5 Force equilibrium: lines of constant 1ift/drag ratin,

equilibrium in a plane parallel to the surface of the water is
considered. The acrodynamic forces acting on the craft duc to
the action of the relative wind are characterized by a resultant
force vector R, acting at an angle ¢, measured downwind
[rom the perpendicular 1o the dircction of the relative wind as
shown in Fig. 4, Similarly, the hydrodynamic forces acting on
the hull, keel, and rudder are characterized by a resultant
force vector Ry acling at an angle ¢, measured downstream
from the perpendicular 1o the direction of the boat velocity.

The angles denoted by ¢, and ¢;; are related to the tift/drag
ratios of the various components by

eo=tan f(D/Ly,
£ =tan "l{D/L)H

From Fig, 4, the condition that the forces are balanced in two
directions may be expressed conveniently as'

Yi=ente, )

R.=Ry (5}
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Fig. 6 Relative wind angle as a fuaction of lif1/drag ratios of sail and
hull.

Rclationship (4) indicates that given the lift/drag ratios of the
sail, rig, and hull above water ¢, and the hull, keel, and rudder
€x, the operating condition of the ¢raft must lie on a par-
ticular circle shown in Fig. 2. Figure 5 is identical to Fig, 2
with various values of the lift/drag ratios corresponding Lo
various y, shown. The lift/drag ratios indicated in Fig. 5 are
for the case in which the aerodynamic components and
hydrodynamic components have equal lift/drag ratios. In
general,

tany, = ((L/DY,+ (L/D) )/ {{(LDY {LsDYy— 1)

This relatienship is shown in Fig, 6.

Figurc 5 clearly shows the importance of achieving high
lift/drag ratios for good windward performance. Recall that
the projection of any point on a circle to the vertical axis gives
the speed made good 1o windward.

Now consider the second equilibrium condition given by
Eq. {5). Expressing this relationship in cocfficient form

YVipaViS,Cu,= V20, SV 5Ch,, (6)

(for brevity, sail refers to all components of craf( acted upon
by the air and hull refers to all components of the craft acted
on by the water). The hull area used here is the centerboard or
keel arca since, in sailing to windward, the lurgest part of the
hull torce arises from the centerboard or keel as a result of
leeway. The drag coefficient of the hull thus depends upon the
ratio of wetted area to centerboard area as noted in the
Noemenclature. The sail force depends on the air density g,
and Lhe relative wind velocity Vg, and the hull force depends
upon the water density p,, and the boat speed V5. In generai,
the resultant force coelficient Cp, depends upon the gcometry
and angle of attack of the sail, rig, etc. Cp,, depends upon the
leeway angle and also, in general, the Froude number or
speed-length ratio. The Froude number influence will be
negleeted, thus the wave making resistance of the hull is being
neglecled and strictly speaking, only sailing in light winds is
being examined. A number of conclusions are not influenced
by this assumption,
Rearranging Eq. (6)

( Vi ) _{ ﬂwSHCR!_?‘} ” (7)
Va pAS.‘CR_,.

If the density ratic p,./p.4, the cenlerboard area §,,, and the

sail area S, are known along with the resultant force coef-

ficient C'y,, and Cg_, the operating condition of the craft must

be on a specific circle of Fig. 3. Thus, the conditions of force
equilibrium can be related simply to the wind (riangle
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Fig. 7 Force equilibriums: lines of constant .

geometry. In the following discussion the guantity on the
" right-hand side of Eq. (7} 15 denoted by P

prHCRH } -
PE[——-—-———————- (8)
ﬂAS‘CR_,

Figure 7 illusirates the relationship between £ and the true
quantities, yy and ¥,/ ¥,

Maximum Speed to Windward

The question of obtaining the maximum speed to windward
now is examined. The ratio of the speed made geod to the true
windspeed can be expressed as follows

Upp; = VpCOSYy 9

1 L J 1 1
20° 40° &0 ag-

o L 1 L

5lg* 6l

Yo {TNye LT}
sl 5l

Fig. 8 Speed made good to windward,
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Using the wind (riangle geometry, the speed made good to
windward can be expressed in terms of the ratio of relative
windspeed to boat speed ¥V /¥y, and the relative wind angle

Yr A%

Vi (Vei/Vg)eosyg—1
Vi AVt Vi) —2(Vie/ Viydcosyg +1

(10)

Figure 8 shows the relationship between Vy/ Vy and v, for
various conslant values of speed made good to windward.
Also, from force balance considerations, the speed made
good to windward can be related directly 1o the acrodynamic
and hydrodynamic characteristics of the craft from Egs. (4)
and (7).

Uyo= (Pcosyp— 1)/ (P2 —2Pcosy, + 1) (11

Figure 8 shows that given the maximum lift/drag ratios of the
sail and hull [(¢,+€;) 18 a minimum], there is a particular
value of P corresponding 1o a maximum speed made good to
windward. This value of P is given by the point on the graph
where the curves of constant v ,; have a vertical slope.

The problem of maximizing specd to windward can be
stated as follows, Functionally from Eq. (11) the speed made
good 1o windward can be expressed as

Uste = Varc{ Py vr) (12)
where the quantitics P and y, depend upon the angle of attack

of the sail « and the keel A or, equivalently, the lift coef-
ficients of cach component

Ya=v(Cr. C; ) (13}
P=P(C,, C1,) (14)

Therelore, the speed made good 10 windward vy is
maximized by the conditions

yc Ve
- =0 - =0 15
ac, ac,,, (15
From Egs. (12-15)
BUM(;IBP _ a‘yR/GC,_S _ a‘yH/GC;_H (16)
Bvwg/dyr  APIIC aP1aC,,,

Equation (16) gives the relationship belween Lhe wind triangle
geometry and the hydrodynamics and aerodynamics of the
craft which maximizes the speed made good to windward.

From Eq. (10) it may be noted that dv.;/dye is always
negative, whereas duys/0f may be positive, negative, or
7era, Therefore, at any vy, the maximum speed (0 windward
is determined by the condition that

av_»,,(;/ aP=0 (1?]

This condition leads to a relationship between yp and P given
by

Cosyp,= 2P/ {Pi+1) (18)
and the optimum speed to windward is given by
vsra, =1/ {(P—1) {9
These relationships also are shown on Fig. 8.
Equation (16), taken with the condition expressed by (17),

gives for the operating condition of the sail and hull

aTR/aC;_\:O a"ﬂ{/a(.‘LHZ()
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Fig.9 Maximum speed (o windward as a function of lift/drag ratio.

These conditions imply that each component is adjusted to
operate al its maximum [L/D. Furthermore, for given
maximum lift/drag ratios of the sail and hull, the maximum
speed to windward is obtained for a particular vatue of the
performance parameter P given by Eq. (18), Figure 9 shows
these results on a polar graph and also indicates the value of
P corresponding to various lift/drag ratios. Note the im-
pressive windward performance predicted by this result, if, in
the design of the craft, lift/drag ratics of 5 can be achieved
for the sail and hull, then P, = 1.3, and the craft will be sailing
at 1.3 times the speed of the wind and making a speed to
windward of 85% of the true wind, sailing at 55° from the
true wind direction.

This result yields much better performance than is achieved
by sailing craft. The lift/drag ratios assumed in this example
are typical' so the reason why this impressive performance
cannot be achieved must be related to physically possible
values of the parameter P.

For a variety of small boats ranging from a Tempest to a
Lightning, the square root of the density ratio times the
centerboard to sail area ratio varies from about 4 to 6. Taking
5 as an average value for this ratio, to achieve a value of P
equal to 1.5 would require a ratio of force coefficients of the
order 0.1 at (L/D)Ymax. This appears to be very difficult to
achieve, particularly with respect 1o the low lift coefficient
required of the hull at maximum lift/drag. In the example
given on p. 322 of Ref. 1, yz,,=21.5° fora ¥, of 3.5 kts and
the corresponding Py, is 3.18. P, for this example is given by
Eq.(18)as1.453,

Since it appears, from a practical standpoint, difficult to
achieve the value of P required by Eq. (18), the more general
condition given by Eq. (16) must be ¢xamined. In general, P,,
corresponding to realistic values of yg,, will be greater than
Py, and in this case dv,z5/ P will be negative, and therefore,
the left-hand side of Eq. (16} will be positive. Since
aP/aC, ,>0and 3P/8C; <0, the best speed to windward is
obtained when dv,/3C, >0and dyz/3C, <0, indicating
that the sail should be trimmed for a lift coefficient above that
for maximum L/D and the hull should be trimmed for a Lift
coefficient below that for maximum £ /D for the best speed to
~ windward.

Also, it can be seen that a neccessary condition for the
optimum (maximum speed to windward) which relates the
operating condition of the sail to the operating condition of
the hullis given by

- aP a‘](p _ BP a'YR
aCy,, 3C, ac, aC,,,

20

Equation (20) is a relationship between P and v in terms of
the characteristics of the sailing craft which must be compared
with the wind triangle relationships to determine the condition
for maximum speed to windward. However, the aperating

PERFORMANCE

G EACH COMPONENT AT
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O MAXIMUM SFEED TO WINDWARD
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=] il 20° 30° 40° 50°

Ta
Fig. 10 Windward performance bonndaries,

condition of the ¢raft for maximum speed to windward must
lie on the line determined by Eq. (20). A typical curve given by
Eq. (20) is shown in Fig. 10 with Py; > P,. The curve given by
Eg. (20) is a boundary on possible windward sailing con-
ditions and the trim ¢ondition of the ¢raft must lie inside or on
this boundary. The maximum speed made good occurs when
this curve is tangent to a line of constant speed made good.

In terms of lift and drag coefficients, the necessary con-
dition given by Eq. (20)is

(dCp/dCLY 5 —{Cp/Cr)
I+ [({(dCu/dC) 4(Cp/C) i

(Cpu/Cr) ;= (dCp/sdCy)
T+[(dCps/dC. Y (CpiC) ]

@21)

This condition may be stated for an efficient craft, that is,
when the denominators of Eq. (21) are approximately equal to

one as
dC;) dCD CD CD
g+ |, = |
ac, ic, =T, I+ c, # (22}

To cobtain more specific results assume that the drag coef-
ficients vary as the square of the lift coefficients, so that
Cp=Cpy+Cpand C;;,=KC1,

Intreducing this relationship inte Eq. (22) vields

Cp. C C
Dfe 20y 4 Doy, 23)

o+
" C. C.

(893 C,

Thus, a necessary condition for maximum speed to wind-
ward, approximately given by Eq. (23), states that the sum of
the induced drag/lift ratios of the hull and sail is equal to the
sum of the profile drag/lift ratios.

i5
10
CLy €p, " 15 , €pg .08
os b €py= 1 . €pgn .l
€py = 05, Epge
10 5 — 20 25

CL
)
Fig. 11 Relationship between sail lift coefficient and hull lift
coefficient necessary for maximum windward performance,
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To summarize, Eq. (20} determines a curve which bounds
the windward performance, and the maximum speed to
windward lies somehwere on this line, precisely at the point
where this line is tangent to a constant v, line as stated by
Eq. (16).

Performance Tradeoffs
Now some of the implications of these results on windward
performance are examined. Expressing Eq. (20} in terms of
C;, the ratio of the lift coefficient te the lift coefficient at
(L/D)max, and ¢, the profile drag/lift ratio at (L/D)ymax

Em(-cis_” EpH”_aiu}

= . = = = - 24
C 17 +2r:f,_¢(C;,x+ Dl Gl +25§H(Ci”+ 1] (24)
The drag/lifL ratios are
7 _
En=¢€p,, [—E—;— +Cyy (25a)
.f.”r
i
€ =€ a—; +C (25b)
where
tanyy = (e + e}/ (1 —eqe;) (26)
and

po( 255) (o) () Uy

paSs Cro Cr, ({+ely ™

If the profile drag/lift ratios at (L/[}) max are given, then
Eq. (24) determines the relationship between the lift coef-
ficients of each component ratioed to the values of C,,, of
each component. Figure 11 shows the variations of C, ,, with
C,, given by Eq. (24) for various values of e,. Only C; larger
than 1 is shown since this corresponds to the lower branch of
the boundary curve of Fig. 10, Then the relationship between
vg and P can be determined from Egs. (26) and (27). This

relationship is shown in Fig. 12 where

Py

P__( E‘LH)*«': (1 +ef)
N\ Gy, (I+ed) ¥

The actual performance of the ¢raft is determined by the
centerboard area S;;, the sail area S, and the ratio of the lift
coefficients corresponding to the maximum lift/drag ratios,
as can be seen from Eq. (27). If these areas are given, the
trends of Figs. 10 and 12, taken with the fact that P, is
greater than the optimum value, illustrate that increased

P
P
1.or
8
&
4 — . G2
) -—a
T . . . . . ,
22. 24. zs. a. w. 32.
yﬁ

Fig. 12 Relationship between FP/P, and relative wind angle
necessary for maximum windward performance.
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windward performance is achieved by operating the sail at a
lift coefficient above that for (L /D) max, and the hull at the
jift coefficient below that for (L/D) max, as noted before,
On the basis that the value of P at maximum lift/drag of each

component
=) ()
M= Ia
pas, Criy (28)

will tend to be greater than the optimum value Py, increased
windward performance can be cbtained by increasing the sail
area, Note that this would not be the case if Py,=P,. Also,
this expression indicates that reducing the centerboard area
will improve performance. Care should be taken with this
interpretation however, since reducing the centerboard area
increases the hull minimum drag coeffiicient owing to the fact
that the centerboard area was used for non-
dimensicnalization. The profile drag coefficient of the hull is

Cp, =2+ (5,/8:}1Cp,,

and therefore, reducing the centerboard area increases the
hull drag coefficient and it is less clear that this results in a
performance increase.

Since Py, determines the location of the curve shown in Fig.
12 on the speed made good to windward graph of Fig. 10,
some indication of the performance tradeoffs can be
examined further in terms of the movement of P, with
changes in the parameters of the craft. Based on the
aerodynamic and hydrodynamic assumptions made

Cray={Cpy/K) " €= (Cp K} " (29)

where K(1/&). Equation (28) taken with the condition that
P > Py implies that Cy ,,, should be as small as possible and
that C, ,, should be as large as possible.

If the minimum drag/lift ratio of each component is
considered to be given (e, =constant), Eq. (29) shows that
good windward performance is achieved if the minimum hull
drag/lift ratio is a result of a low drag coefficient and the sail
minimum drag/lift ratio is a result of high aspect ratio, as this
results in a high C,,, for the sail and a low C;,, for the hull.
I the opposite case, that is, with the same minimum drag/lift
ratios achieved by a high aspect ratio ¢enterboard and low
aspect ratio sail with corresponding changes in the drag
coefficients, the windward performance will be poor. As -
shown in Fig. 13 increasing the centerboard aspect ratio or
reducing the sail profile drag coefficient moves Py, upward
and 1o the left tending to reduce the speed made good to

increasing ARy

o

a} Ly} 20 Ya 30 40 50
Fig. 13 Variation of P,; with aspect ratio and profile drag coef-
ficient.
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windward. in contrast, reducing the hull drag cocfficient or
increasing the sail aspect ratio clearly moves Py, in a
favorable direction.

[n general, movement of the P, v, curve indicates a gross
trend; however, care should be taken with the interpretation
that increasing the profile drag coefficient of the sail will
improve windward performance. The actual change in per-
formance depends upon how far along the P, 4, curve it is
possible 10 move by retrimming the crafl. To obtain increased
windward performance by increasing the sail drag coefficient,
there is an implication that a very high sail lift coefficient is
required to achieve this improvement as may be secn from
Fig. 12, and Eq. (29). Also, sincc a high sail lift coefficient is
required, the assumption regarding the variation of sail drag
coefficient with the square of the lift cocfficient becomes
guestionable,

This approach appears to show considerable potential for
understanding the complex interactions involved in sailing to
windward, and presents a convenient methed for studying the
influence of design tradeoffs on windward performance.
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Canclusions

I) The wind triangle relationships for a sailing craft with
zero heel angle can be presented so that the geomeiry is related
directly and simply to the aerodynamic and hydrodynamic
characteristics of the craft.

2) Given the maximum lift/drag ratios of the sail and hull,
there is a specific valuc of the performance parameter £ which
will maximize the speed made good 1o windward,

3) For typical lift/drag ratios of the sail and hull, il appears
difficult to achieve the corresponding value of the per-
formance paramcter P which maximizes the speed made good
to windward. As 4 result, the best windward performance is
achieved by trimming a sailing craft so that the sail opcrates at
an angle of attack above that for maximum lift/drag and the
hull operales at a leeway angle below that for maximum
lift/drag.
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