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Upright Sailing Craft Performance and 
Optimum Speed to Windward 

H. C. Curtiss Jr. * 
Princeton Un ivers-ily, Prinwfon, N. J.  

A convenient geometric fnlutinn to the wind Irinnglc rel.alinn\hip\ For a \ailing crafl is de+elr~pcrl w h w h  i s  
directly related to the armdynamic and hydrodynamic chnrncteriatics of Ihc cralt. Manimitiny rhc \peed made 
good tu wiiideard is examined, and a relationship between the aerodynarnicr and hgdrodynamic\ nC the craft 
which bounds !he windward performance and i s  a necessav conditioir fur ~na~imum speed to windward is 
developed. A brief discussion o f  windward perfornunre tradeuffs i s  induded based vn thiv res~~l t .  

Nomenclature 

=aspect ratio 
=drag coefficient, C, = D /  ( f i p  V2S) 
=profile drag coefficient. For the hull since the 

coefficients are based on centerboard area, 
CD"= [2 + (S,/S,f) IC,,, 

=drag cuefficicnt bascd on wetted area 
= I i C t  coerficienl, C,. = L /  ( f i P V 2 S )  
=ratio nf lift coefficient lo l i l - I  coefficien~ at 

maximum lift/drag ratio 
= resultant force cucfficicnt, C, = R / (  W p  V 2 S }  
=drag, force parallel Lo velocity acting on component, 

Ib 
=factor relating induced drag to square of lifl 

coefficient 
=lift, force perpendicular to velocity acting on 

component, Ib 
= performancc parameter, see Eq. (H) ,  P =  [ ( p ,  S, 

x CR{{)  / ( P , I S , ~ H ,  I '' 
=optimum value of P corresponding 10 maximum 

lift/drag ratins of ?ail and hull 
=value of performancc parameter evaluated at 

maximum lift/drag ratios of sail and hull 
=resultan1 force, R = ( L ' + D ' )  ", lb - sail area, ft ' 
=wetted surface area of hull not including cen- 

rerboard or keel;ftZ 
=centerboard area, f t ?  
=dimcnsionlcss boat velocity, boat velocity divided by 

true wind velocity 
= dimensionlesq relalive wind velocity, relative wind 

velocity divided by true wirid velocity 
=component uf  diincnsionless boat velocity per- 

pendicular to true wind, u ,  = u ,  sin? , 
= component of dimensionless bvat velocity parallel 

t o  true a ind. t., = v, cosy 
=boa t  veloci~y, fps 
=velocity made good to wndward,  component of 

b o a t  ve loc i ty  in d i rec t ion  of t r u e  wind 
( V w , =  V , c w , ) ,  fps 

-relative wind veluciry, fps 
= true wind velociry, Tps 
=angle of attack of sail 
=angle bctwccn relative wind velocily and bvat 

velocity 
- 
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=angle between true wirid velocity and boat velocity 
=angle between resultant force u e c m  of component 

and perpendicular to velocity acting on  component, 
t = t a n - '  (DIL)  

=profile JragAift ratio at maximum lift/drag ratio 
=leeway angle, angle between ccntcrlinc of boat and 

boat velocity (equal to keel angle of attack) 
= denrity of air, slugsper f t 3  
-density of *ater, slug. per ft! 
=value of parameter for all components immersed in 

water (for convenience, referred to  as hull) 
: valuc of paramctcr at maximum lift/drag ratio 
=value of paranleler for maximum spccd to windward 
=value nf parameter for all components imrncrscd in 

air (for convienience, referred tn as sail) 

Introductiun 

D ETERMINING the best performance oC a sailing c r a f l ~ o  
windward involves undersianding complex interactions 

bctwccn the aerodynamics and hydrodynamics of the crafl. It 
was thought to be valuable to cxaminc a simplified analytical 
model rather than proceeding directly to considcr the com- 
plete problem. Therefore, this paper discusses maximizing thc 
speed of a sailing craft to windward assuming that the heel 
angle is zero and that the hull forces depetid upoti the square 
of the hull velocity. 'The first assumption i~ quite typical of the 
way in which small boats are sailed. The second assunlption, 
which implies that thc Froude number o r  qpeed-length ratio 
effects are neglected, restricts thc analysis to sailing in light 
winds o r  t o  hulls of very high fineness ratio. 

Geometry of the Wind Triangle 
I n  order to examine thc manner in which various 

aerodynamic and hydrodynamic facturs influcncc thc pcr- 
formance of a sailing crah it is first desirable 10 ublain certain 
geometrical rclatinnships involved it1 the wind triangle. Wind 
triangle refer? to the relationships anlong the various 
quantities: the true wind velocity V, :  the boat (peed V,j ;  the 
rclativc wind velocity V R ;  the angle between the true wind 
dircctiun and thc direction the boat is mo\.inr: - y r ;  and the 
angle between thc rclativc wind dircction and the direction the 
boat is moving 7,. Figure 1 shows rtw geomelry relaring rhcsc 
quantities. The leeway angle X also is shown, ernptjari/ing ~hc: 
fact that, in general, the craft i c  moving through the waler a1 
some indinadon Lo tht. ccntcrlinc of thc hull. 

Itistrutnents tnoutited on (he craCt can measurc dircctly thc 
boat qpeed V,; the relative wind rpeed V,; and the angle 
between the direction of the relative wind  and the centerline of 
the boat ( y R  - A). Sailing to windward in a race, the helmsman 
attcrnpts t o  maximize the speed made good to windward V,l,,(,., 
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Fig. I Wind triangle geomrlrr.. 

also shown in Fig. 1 .  Note that the presence of the leeway 
anglc, which is determined by the aerodynamic and 
hydrodynamic characteristic? of the craf t ,  complicates the 
problem of deterniining the actual speed made good to  
windward from the instrumentation usually found on  sailing 
craft because the angle betwccn thc dircctiim of  he relalive 
wind and the direction thc craf-1 is moving y,, cannot be 
measured directly wilhout knowledge nf the leeway anglc. A 
wind vanc mounted on lhe craft measures (y, - A). Although 
in principle il is possible to measure the lccway anglc with 
similar instrumentation underwater, many practical dif- 
ficulties arc assuuiatcd with h e  measurement of this quar~t i ty .  

T h e  law of cosines can be applied to  the geometry of Fig. I 
to obtain rclationships between relative and t rue  quantitic? 

I \ 1600 
18~10 170' 

Fig. 2 Wind triarlgle geometry: lines of cullstan1 relarive wind sngle. 
These relationships can be reorganized so that the wind 
trianglc gcometry can bc displayed convcnicntly . 

1-he relative wind wlocity V ,  and  boat velocity V ,  are  
n o ~ ~ d i ~ n c n s i o ~ ~ a l i z c d  by the true wind velocity V , .  Introducing 
the opcrating condition of the boat with rcspcct tu the truc 
wind expressed in terms uf thc cvmpvnents perpendicular and 
parallel to the t rue  wind, u, = U B  siny , and u, = c~ cosy T ,  

two equations equivalent to Eq. ( I )  can be developed 

Equations (2) and  (3)  can be recognized a s  equations of  circles 
and the  operating condition of thc boat i s  expressed directly in 
terms o f  [he parameters, Ihe relative wind anglc y~ and  [he 
ratio u f  relalive wind velocity to boat vclocity V , / V , .  
Equariorir (2) and  (3) are shown graphically in Figs. 2 and 3. 
The coordinates of thcsc two figures also can be interpreted ~ I I  

polar furm, that is, the true wind direction is along t h e y  axis 
and a radius vector to  any point on  a particular circlc is thc 
ratio of the boat speed to the true wind spccd. T h c  angle 
between the \eriical axis and  this radius vcclor j <  (he  heading 
of the craft with respect t o  thc t ruc  ~ i n d  direction. 

I f  the quantities V,?, V H ,  and y, are  k n m n ,  thcn thcsc two 
curves can bc readily used tn calculate the true wind vclucity, 
and thc angle berwer i  directinti of the t ruc  wind and  the 
ilircction the boat is moving. That  is, knowing thc rclalive 
wind angle 7 n  the operating condition of thc c r a h  rnust be on 
a par~ioular  circle of Fig. 2, and knowing (he ratio of the 
relative wind hpccd lu  the boat speed V,)/  V ,  the operating 
conditiun uC the war t  must be on  a particular cil-cle of Fig. 3. 
Overlaying these two curves, the intersection of the two circles 
is the operating condition o f  the craft .  Again, recall that in a 
practical sense, difficulty in determination of thc apccd made 
good t o  windward arises because y, cannot be  mearured 
directly without knowing the lccway angle. 

Balance of Forces 
The pcrformancc of a wiling crarl now will be examined in 

~rclation tu thc wind triangle georrielry discussed. FOI- sin>- 
plicily, only the case of upright sailing i s  con\~cicrcd. This 
arialysis therefore is sestrictcd to small boat5 in which the crew 
i s  always acting to  ma in ta~n  the crafr at 7ero heel angle or 
perhaps to  larger boat5 in light winds. rhcrcforc,  only 
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Fig. 5 Fnrce equilibrium: l ines ufconslant lift/drag mtil~. 

equilibrium in a plane parallel to the surface uf thc water i ?  
considered. The acrodynarnic forces acting on the craft duc to 
the action of the rclative wind are characterized by a resultant 
furce vector R ,  acting at a n  angle c, measured downwind 
[rum thc perpendicular to thc direction of the relative wind as 
shown in Fig. 4. Similarly, the hydrudynamic forces acting on 
the hull, keel, and rudder are characterized by a resultant 
force vector R,, a d n g  at a n  angle F,, measured downstream 
from the perpendicular to thc direction of the boat velocity. 

The angles denoted by t ,  and are related to the lift/drag 
rarios of the various components by 

E, ,=  tan ' ( D / L ) ,  

From Fig. 4, the condition that thc forces are balanced in  two 
directions may bc expressed conveniently as ' 

Fig. 6 Relativewind mgleas n Cunrtion of lift/drag ratios of sail and 
hull. 

Relationship (4) indicates that given the lifl/drag ratios of the 
sail, rig, and hull above water t, and the hull, keel, and rudder 
F H ,  the operating condition of the craft must lie 00 a par- 
ticular circle shown in Fig. 2. Figure 5 is identical to  Fig. 2 
with various values o f  the lift/drag ratios corresponding lo 
various yfl hhown. The lift/drag ratios indicated in Fig. 5 are 
for the case in which the aerodynamic components and 
hydrodynamic cornpvncnts have equal lift/drag ratios. In 
jieneral, 

This rclarionship is shown inFig. 6. 
Figurc 5 clearly &ow$ the imporlance uf achieving high 

lift/drag rarios for good windward performance. Rccall that 
thc projection of any point on a circle to the vertical axib gives 
the specd made good to windward. 

Now cunsidcr the second equilibrium condition given by 
Eq. (5). Expressing this relationship in coefficient form 

(for brevity, sail refers to all components nf crafi actcd upon 
by the air and hull  refers to all components of the cralt actcd 
on  by the water). The hull area used here is the centerboard or  
keel arca since, In sailing to windward, the largest part of the 
hull torcc arises from the centerboard or keel as a result of 
leeway. The drag coefficient of the hull thus depends upon the 
ratio of wetted area to centerboard area as noted in thc 
Numcnclature. The sail forcc depends on the  air density p , ,  
and [he relative wind velocity V R ,  and thc hull force depends 
upon the water density p ,  and the boat speed Vn.  I n  general, 
the  resultant force coerficient CR, depends upon thc gcometry 
and angle of attack of the sail, rig, ctc. C,,, depends upon the 
Iceway angle and also, in general, the Froude number o r  
hpccd-lengt h ratio. The Froude numbcr influence will bc 
neglcctcd, thus the wave making resistance of the hull is being 
neglecied and strictly speaking, only sailing in light wind? is 
being examined. A number of conclusions are no1 ~nflucnccd 
by this assuniption. 

Rearranging Eq. (6) 

If  the density ratio ~ , ~ / p , ,  the  centerboard area S , ,  and the 
sail area S, are known along with the resullant force coef- 
ficient C,<, and C,,, the operating condition of the craft must 
be on a specific circle of Fig. 3. Thus, the conditions of force 
equilibrium call be related simply to the wind lrianglc 
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1 ig. 7 Fume equilibrium: Lines u l  constant P. 

gcomctry. In thc following discussion thc quantity on thc 
righr-hand side of F.q. (7) is denoled by P 

Figure 7 illustrates the relationship be~ween P and ihe lrue 
quantities, y , and V , j /  V , .  

Maximum Speed to Windward 
The question of obtaining the maximum speed t o  windward 

now is examined. The ratio of thc speed made good to the true 
windspeed can bc expressed as follows 

V w c ;  =  COSY I 

Using the wind lriangle geometry, the speed made good to 
windward can be expressed in terms of the ratio of relative 
windspeed to boat speed V,/ Y,, and the relative wind angle 
Y H  a ?  

Figure 8 shows the relalionship between V,/  V ,  and y, for 
various conslant values of speed made good tn windward. 
Also, from force balance considerations, the speed made 
good to windward can be related directly to the aerodynamic 
and hydrodynamic charactcristics uf the craft from Eqs. (4) 
and (7). 

u,\,, = (Pcosy, - 1 ) / (P2 - 2Pcosy, + 1 j (1 1) 

Figure 8 shows that given the maximum liftidrag ratios of the 
sail and hull [ ( r ,  + c,,) is a minimum], there is a particular 
value of P corresponding to a maximum speed made good to 
windward. This value of P is given by the point on the graph 
where the  curves of constant v,+,, have a vertical slope. 

The problem of maximizing spccd to windward can be 
statcd as follows. Funciionally from Eq. (I 1) the speed made 
good l o  w,indward can be expressed as  

where the quantities P and y, depend upon lhe angle or attack 
of the sail a and the kccl A or, equivalently, the lift coef- 
ficients of cach component 

Thererore, rhe speed made good to windward u , ~ ( ,  is 
maximized by the conditions 

From Eqs. (12-15) 

Equation (16) gives the  relationship between (he wind triangle 
geometry and the hydrodynamics and aerodynamics of the 
craft which maximizes the speed made good to windward. 

From Eq. (10) it may be noted that a v , , / a y ,  is always 
negative, whereas acwG/3P may be positive, ncgativc, or 
rero. 'Therefore, at any T,, the maximum speed lo windward 
i s  determined by the condition lhat 

This condition lcads to a relationship between + y ~  and P given 
by 

and the optimum speed to windward i q  given by 

Thcsc relationships also are shown on Fig. 8. 
Equation (16), taken with the cvndition expressed by (17), 

gives f u r  the operating condition of the  sail and hull 

Fig. 8 Speed madc gawl  lu windward. 
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Fig. 9 Maximum spccd lu windward as a function of IiWdray ratio. 

These conditions imply that each component i s  adjusted to 
operate a l  its maximum L/D. Furthermore, for given 
maximum lift/drag ratios of the sail and hull, the maximum 
speed to windward is obtained for a particular value of the 
performance parameter P given by Eq. (IS). Figure 9 shows 
these results on a polar graph and also indicates the value of 
P corresponding to various lift/drag ratios. Note the irn- 
pressivc windward performance predicted by this result. I f ,  in 
the design of the craft, lift/drag ratios of 5 can be achieved 
for the sail and hull, then Po = 1.5, and the craft will be sailing 
at 1.5 times the speed of the wind and making a speed to 
windward of 85% of the true wind, sailing at 5 5 '  from the 
true wind direction. 

This result yields much better performance than is achieved 
by sailing craft. The Iift/drag ratios assumed in this example 
are typical so the reason why this impressive performance 
cannot be achieved must be related to physically possible 
values of the parameter P. 

For a variety of small boats ranging from a Tempest to a 
Lightning, the square root o f  the density ratio times the 
centerboard to sail area ratio varies from about 4 to 6. Taking 
5 as an average value for this ratio, to achieve a value of P 
equal to 1.5 would require a ratio of force coefficients of the 
order 0.1 at  (LID)max. This appears to be very difficult to 
achieve, particularly with respect to the low lift coefficient 
required of the hull at maximum lift/drag. In the example 
given on p. 322 of Ref. I ,  ~,,=21.5" for a V, of 3.5 kts and 
the corresponding P,w is 3.18. Po for this example i s  given by 
Eq. (18) a s  1.45. 

Since it appears, from a practical standpoint, difficult to 
achieve the value of P required by Eq. (18), the more general 
condition given by Eq. (1 6) must be examined. In general, Pa%, 
corresponding to realistic values of y,, will be greater than 
Po,  and in this case a ~ , ~ ~ / a P  will be negative, and therefore, 
the left-hand side of Eq. (16) will be positive. Since 
WIK',, > 0 and aP/aC, ,  < 0, the best speed to windward is 
obtained when ayR/aC, ,  > 0 and ayR/aCL, < 0, indicating 
that the sail should be trimmed for a lift coefficient above that 
for maximum L / D  and the hull should be trimmed for a lift 
coefficient below that for maximum L/D for the best speed to 
windward. 

Also, it can be seen that a ncccssary condition for the 
optimum (maximum speed to windward) which relates the 
operating condition of the sail to the operating condition of 
the hull is given by 

Equation (20) is a relationship between P and y~ in terms of 
the characteristics of the sailing craft which must be compared 
with the wind triangle relationships to determine the condition 
for maximum speed to windward. However, the operating 

EACH COMPONENT AT 
L/D M4X P = P, 

'R . r ~ y  

0 MAXIMUM SPEED TO WI- 

I 1 I I L 
1P 20' 30" 40' 5cIo ' 

YR 
Fig. 10 Windward performance boundaries. 

condition of the craft for maximum speed to windward must 
lie on the line determined by Eq. (20). A typical curve given by 
Eq. (20) is shown in Fig. 10 with PJM> Po. The curve given by 
Eq. (20) is a boundary on possible windward sailing con- 
ditions and the trim condition of the craft must lie inside or on 
this boundary. The maximum speed made good occurs when 
this curvc is tangent to a line of constant speed made good. 

In terms of lift and drag coefficients, the necessary con- 
dition given by Eq. (20) is 

This condition may be stated for an efficient craft, that is,  
when the denominators of Eq. (21) are approximately cqual to 
one as 

To obtain more specific results assume that the drag coef- 
ficients vary as  he square of the lift coefficients, so that 
C,  = C p ,  -t CDi and C,], = KC:. 

Introducing this relationship into Eq. (22) yields 

Thus, a necessary condition for maximum speed to wind- 
ward, approximately given by Eq. (23), states that the sum of 
the induced drag/lift ratios of the hull and sail is equal to the 
sum of the profile drag/lift ratios. 

1.0 1.5 - 2.0 2.5 
CLS 

Fig. 11 Relationship between sail lift coefficient and hull lift 
coefficient newwary for maximum windward prdurmance. 



To summarize, Eq. (20) determines a curve which bounds 
the windward performance, and the maximum speed to 
windward lies somehwere on this line, precisely at the point 
where this line is tangent to a constant U , w ~  line as stated by 
Eq. (16). 

Performance Tradeoffs 
Now some of the implications of these results on windward 

performance are examined. Expressing Eq. (20) in terms of 
C L ,  the ratio of the lift coefficient to the lift coefficient at 
( L / D ) m a x ,  and r , ,  the profile drag/lift ratio at (L/D)max 

The drag/lift ratios are 

where 

and 
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If the profile dragllift ratios at  ( L / D )  max are given, then 
Eq. (24) determines the relationship between the lift coef- 
ficients of each component ratioed to the values of C,, of 
each component. Figure 1 shows the variations of-C,, with 
C,, given by Eq. (24) for various values oft,. Only C,,, largcr 
than I is shown since this corresponds to the lower branch of 
the boundary curve of Fig. 10. Then the relationship between 
y, and P can be determined from Eqs. (26) and (27). This 
relationship is shown in Fig. 12 where 

The actual performance of the craft is determined by the 
centerboard area S,, ,  the sail area S,, and the ratio of the lift 
coefficients corresponding to the maximum lift/drag ratios, 
as can be seen from Eq. (27). If these areas are given, the 
trends of Figs. 10 and 12, taken with the fact that P ,  is 
greater than the optimum value, illustrate that increased 

r 
22. 24. 26, 28. 30. S2' 

7, 
Fig. 12 Relationship bclween P I P ,  and rclative wind angle 
necrvsary for maximum windward pedurmance. 

windward performance is achieved by operating the sail at  a 
lift coefficient above that for (LID) max, and the hull at the 
lift coefficient below that for (L/D) max, as noted before. 
On the basis that the value of Pat maximum lift/drag of each 
component 

will tend to be greater than the optimum value Po,  increased 
windward performance can be obtained by increasing the sail 
area. Note that this would not be the case if P , =  Po.  Also, 
this expression indicates that reducing the centerboard area 
will improve performance. Care should be taken with this 
interpretation however, since reducing the centerboard area 
increases the hull minimum drag coefficicnt owing to the fact 
that  t h e  centerboard area w a s  used for non-  
dimensionalization. Thc profile drag coefficient of the hull is 

and therefore, reducing the cenlerboard area increases the 
hull drag coefficient and it is less clear that this results in a 
performance increase. 

Since P.w determines the location of the curvc shown in Fig. 
12 on the speed made good to windward graph of Fig. 10, 
some indication of the performancc tradeoffs can be 
examined further in terms of the movement of P ,  with 
changes in the parameters of  the craft. Based on the 
aerodynamic and hydrodynamic assumptions made 

where Krx(l/Al).  Equation (28) taken with the condition that 
P,w > P, implies that C, , should be as small as possible and 
that C,,, should be as large as possible. 

I f  the minimum drag/lift ratio of each component is 
considered to be given (E , ,  =constant), Eq. (29) shows that 
good windward performance is achieved if the minimum hull 
drag/lift ratio is a result of a low drag coefficient and the sail 
minimum drag/lift ratio is a result of high aspect ratio, as this 
results in a high CLM for the sail and a low CL:H for the hull. 
In the opposite case, that is, with the same minimum dragAift 
ratios achieved by a high aspect r a ~ i o  centerboard and low 
aspect ratio sail with corresponding changes in the drag 
coefficients, the windward performance will be poor. As 
shown in Fig. 13 increasing the centerboard aspect ratio or 
reducing the sail profile drag coefficicnt moves PJW upward 
and to the left tending to reduce the speed made good to 

Fig. 13 Variation of P,++ with aspect ratin and prufilc drag coef- 
ficient. 
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windward. In contrast, reducing the hull drag coefficient or 
increasing the sail aspect ratio clearly moves P:L, in a 
favorable direction. 

In general, movement of the P, r, curve indicates a gross 
trend; however, care should be taken with the interpretation 
that increasing rhe profile drag coefficient of the sail will 
improve windward performance. The actual change in per- 
formance dcpends upon how far along the P, y~ curvc it  is 
possible lo movc by retrimming the crafl. To obwin iricrcascd 
windward pcrforrnance by incteasirlg the sail drag coefficieril, 
there is an implication that a very high sail lift cucfficient is 
required to achieve this improvement as may be secn from 
Fig. 12, and Eq. (29). Also, sincc a high sail lift coefficient is 
required, the assumption regarding thc variation of sail drag 
coefficient with the square of the lift cucfficient becomes 
questionable. 

This approach appears 10 show considerable potential for 
understanding the complex interactions involved in sailing to 
windward, and presents a convenient method for studying the 
influence of design rradcoffs on windward performance. 
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Conclusions 
1) The wind trianglc relationships for a sailing craft with 

zero heel angle can be presented so that thc geomelry is related 
directly and simply 10 the aerodynamic and hydrodynamic 
characteristics of the craft. 

2)  Given the maximum lift/drag ratios of the sail arid hull, 
thcre is a specific valuc of the performance parametcr P which 
will maximize the speed made good to windward. 

3)  For typical Iift/drag ratins oC ihc sail and hull, i t  appears 
difficult to achieve the corresponding value of the pcr- 
formance parameter P which maximizes the speed made good 
to windward. As a rcsult, the besi windward performance is 
achieved by trimming a sailing craft so that the sail opcrates a t  
an angle of attack above that for maximum lift/drag and the 
hull operales at a leeway angIe below that for maximum 
lift/drag. 
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